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MATHEMATICS 
A PROOF THAT A CERTAIN DISK IS WILD 
BY 
P.H. DOYLE 
(Communicated by Prof. H. FREUDENTHAL at the meeting of June 25, 1966) 
The author wishes to thank K. Kwun for proposing the following 
problem. If er and e8 are r- and s-cells in EP and Eq is er x e8 tame in 
EP x Eq? We show that in general this is not the case. 
Let A C Ea be a wild arc such that 1H(Ea-A)# 1. In El let I= [0, 1]. 
Then we show that Ax I is not tame in E4=Ea x El. For if the disk Ax I 
were tame we let sa, the 3-sphere, contain A and consider S4= 6(Sa), 
the suspension of sa. In S 4 let VI and V2 be the suspension vertices. By 
our assumption each closed 2-cell in 6(A)- (v1 u v2) is tame in S4. Now 
S4- (vl u V2) is a product space and is topologically sa X El. Then 
A X [- e, e] c sa X El is tame in S4 for e > 0. It follows that A X [- e, e] 
has only a finite number of points at which it is not locally flat. Thus 
A x [- s, s] is actually flat. If a is an endpoint of A it is evident that 
there is a pseudo-isotopy (!t of S 4 onto S4 that is fixed on 6(a) and carries 
6(A) onto 6(a) while each (!tis a homeomorphism on S4-@3(A). We 
note that 1H(64- 6(A)) ""'n1 (Sa-A) and so there is a polygonal simple 
closed curve J in 6 4-6(A) that lies in no flat n-cell in @34-@3(A). But 
then there is no such n-cell in S 4 - 6(a) containing J. But this is im-
possible since 6(a) is a tame arc. It is clear that this argument can be 
carried to higher dimensions. We summarize this in a theorem. 
THEOREM 1. If A C En is an arc and I is the interval [0, 1] in El, Ax I 
is tame in EnxEI only if n 1(En-A)=l. 
A change in dimension can yield a stronger result. 
THEOREM 2. Let Er and E 8 be complementary linear subspaces in En 
where s;;;. 2. If A C Er is an arc while B C E 8 is an arc that is tame in E 8 , 
then the disk A x B is tame in En. 
Proof: Since B is tame in E 8 there is a homeomorphism h' of E 8 
onto E8 so that h' (B) =I is a closed interval on the X1- axis X in E 8 • 
Then extend h' to all En by defining h(x, y) = (x, h' (y)). Clearly h(A x B)= 
=(A X h'(B)) C Er X X. 
Now let Y be an axis in E 8 orthogonal to X. By [1] if [Er, Y] is the 
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space spanned by Er and Y there is a homeomorphism k' of [Er, Y] 
onto itself so that k' (A)= I 1 C Y is an interval. Clearly k' can be extended 
to a homeomorphism k of En onto En as before. 
Now kh is a homeomorphism of En onto En and kh(A x B) =I1 xI a 
tame flat 2-cell. 
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